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Abstract. For a graph G, the maximum nullity M(G) of the real symmetric matrices de-
scribed by G satisfies M(G) ≤ Z(G), where Z(G) is the zero forcing number. Alameda et al.
proved Z(P (n, k)) ≤ 2k + 2 for generalized Petersen graphs, and Krishnan recently corrected
the published claim for P (n, 3) by showing Z(P (12, 3)) = 7 and conjecturing Z(P (n, 3)) = 8
for every n ≥ 13. We construct weighted block-circulant matrices in S(P (n, k)) and diagonal-
ize them by the discrete Fourier transform. For P (n, 3) the singularity condition is encoded
by an eighth-degree reciprocal polynomial Rp,q,τ . Explicit root-of-unity certificates prove

M(P (n, 3)) = Z(P (n, 3)) = 8

whenever 10 | n, 24 | n, 28 | n, or 42 | n; these indices have natural density 1/6.
We then determine the rational part of this construction completely. If p, q, τ ∈ Q, τ ̸= 0,

and all eight roots of Rp,q,τ are distinct roots of unity, then exactly six parameter triples occur,
with minimal moduli 10, 24, 40, and 42. Thus the modulus-28 certificate is genuinely algebraic.
We also derive arithmetic obstructions from the Lam–Leung theorem on vanishing sums of
roots of unity: any certificate at level n forces 27 to lie in the numerical semigroup generated
by the prime divisors of n. In particular, no admissible prime level supports a constant-weight
block-circulant certificate, and among levels n = 2p with p odd prime only n = 10 occurs.
These obstructions show that this certificate class cannot by itself settle the conjecture for all
n ≥ 13. A computer-assisted search, using numerical candidate generation followed by exact
cyclotomic verification, finds no additional minimal modulus up to 420 beyond 10, 24, 28, 42.

For general k, a signed specialization yields the following criterion: if Qk(z) = z2k+2 +
z2k + zk+1 + z2 +1 divides zL − 1, then M(P (Lr, k)) = Z(P (Lr, k)) = 2k+2 for every r ≥ 1;
in particular M(P (120r, 7)) = Z(P (120r, 7)) = 16.

1. Introduction

Let G be a finite simple graph. A set of initially blue vertices is a zero forcing set if
repeated application of the colour-change rule—a blue vertex with exactly one white neighbour
forces that neighbour blue—eventually colours every vertex blue. The minimum cardinality of
such a set is the zero forcing number Z(G). Zero forcing was introduced in connection with
the minimum-rank problem for graph-described symmetric matrices, and the fundamental
inequality

M(G) ≤ Z(G) (1)

relates it to the maximum nullity M(G); see [1] and the surveys [6, 3, 13].
For integers n ≥ 3 and 1 ≤ k < n/2, the generalized Petersen graph P (n, k) has outer

vertices u0, . . . , un−1, inner vertices v0, . . . , vn−1, and edges

uiui+1, uivi, vivi+k,
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subscripts modulo n. These graphs originate with Watkins [12]; their ordinary adjacency
spectrum was described by Gera and Stănică [7], who already used the 2 × 2 Fourier block
decomposition that we generalize below.

Alameda et al. [2] proved the general upper bound

Z(P (n, k)) ≤ 2k + 2 (2)

for every admissible n, k, and used high-multiplicity eigenvalues of ordinary adjacency matrices
to establish

M(P (15r, 2)) = Z(P (15r, 2)) = 6, M(P (24r, 5)) = Z(P (24r, 5)) = 12

for every r ≥ 1. Rashidi, Shajareh Poursalavati and Tavakkoli [10] subsequently claimed the
value 8 for Z(P (n, 3)) whenever n ≥ 12. Krishnan [8] identified the boundary counterexample
Z(P (12, 3)) = 7, established the upper bound Z(P (n, 3)) ≤ 8 for n ≥ 9, computed the zero
forcing numbers for 7 ≤ n ≤ 20, and formulated the corrected conjecture

Z(P (n, 3)) = 8 (n ≥ 13). (3)

The unresolved content of (3) is therefore the uniform lower bound Z(P (n, 3)) ≥ 8. Our inde-
pendent computation in Section 8 reproduces Krishnan’s values through n = 20 and extends
the exhaustive verification of (3) through n = 27.

The present paper attacks that lower bound through maximum nullity and then studies
rigorous limitations of the resulting certificate class. The basic idea enlarges the adjacency-
matrix certificate of [2]: instead of searching only for a high-multiplicity eigenvalue of the
ordinary adjacency matrix, we choose nonzero edge weights, diagonal shifts, and Fourier modes
simultaneously. This produces matrices in S(P (n, k)) whose kernels can be certified mode by
mode. Related maximum-nullity and zero-forcing questions for circulant graph families are
studied by Duong et al. [5]. Here, instead, a 2 × 2 block-circulant matrix for generalized
Petersen graphs is designed so that prescribed Fourier modes are singular through a reciprocal
polynomial.

Results. Our first result is the positive one.

Theorem 1.1. If n is divisible by at least one of 10, 24, 28, 42, then

M(P (n, 3)) = Z(P (n, 3)) = 8.

Consequently the value in (3) holds on a set of indices of natural density 1/6.

The proof is explicit: for each modulus we construct a fixed weighting whose Fourier deter-
minant vanishes at eight prescribed roots of unity. The remaining results delimit the method.

Theorem 1.2 (Completeness over Q; Theorem 5.1). Let p, q, τ ∈ Q with τ ̸= 0, and suppose
Rp,q,τ of (7) has eight distinct roots, all roots of unity. Then (p, q, τ) is one of the six triples
of Table 2, and the modulus L is 10, 24, 40 or 42.

Theorem 1.3 (Arithmetic obstructions; Theorems 6.2, 6.3, 6.4). Suppose An(p, q, τ) has nul-
lity 8 for some real p, q and τ ̸= 0. Then 27 lies in the numerical semigroup generated by the
primes dividing n; in particular n is not a power of 2, and n has an odd prime divisor at most
23. Moreover n is not prime, and if n = 2p with p an odd prime then p = 5.

The prime obstruction already shows that no collection of constant-weight block-circulant
certificates of this form—finite or infinite—can prove (3) for all sufficiently large n. A computer-
assisted search reported in Section 6.4 finds no additional minimal modulus through n = 420
beyond 10, 24, 28, 42; this finite search is supporting evidence, not a global classification of
algebraic certificates.
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Our second positive result gives a reusable signed construction for arbitrary k.

Theorem 1.4. Let Qk(z) = z2k+2 + z2k + zk+1 + z2 +1. If Qk(z) divides z
L − 1 in Z[z], then

for every integer r ≥ 1,
M(P (Lr, k)) = Z(P (Lr, k)) = 2k + 2.

Since Q7(z) = Φ5(z)Φ10(z)Φ24(z), Theorem 1.4 yields the exact family M(P (120r, 7)) =
Z(P (120r, 7)) = 16. Here and below Φm denotes the mth cyclotomic polynomial.

Organization. Section 2 develops the weighted Fourier certificate and the reciprocal poly-
nomial for P (n, 3). Section 3 gives the mode-selection criterion and a symmetry. Section 4
proves the explicit families and the density statement. Section 5 classifies all rational cer-
tificates. Section 6 proves the arithmetic obstructions and reports a computer-assisted finite
search. Section 7 proves the signed criterion. Section 8 records the independent computation
of Z(P (n, 3)). Section 9 discusses limitations and open problems.

2. Weighted Fourier certificates

For a graph G on N vertices let S(G) be the set of real symmetric N ×N matrices A = [aij ]
such that, for i ̸= j,

aij ̸= 0 ⇐⇒ ij ∈ E(G),

with arbitrary diagonal entries. Thus M(G) = max{nullA : A ∈ S(G)}.
Let Cn be the cyclic shift defined by Cnei = ei+1, indices modulo n. Put ω = e2πi/n and

fj = (1, ω−j , ω−2j , . . . , ω−(n−1)j)T , 0 ≤ j < n.

Then Cnfj = ωjfj . After normalization the fj form an orthonormal Fourier basis, so every
polynomial in Cn is unitarily diagonalized by that basis [4].

Lemma 2.1 (Fourier block decomposition). Let a, b, c ∈ R \ {0} and d, e ∈ R. Define

Hn,k(a, b, c, d, e) =

(
dIn + a(Cn + C−1

n ) bIn
bIn eIn + c(Ck

n + C−k
n )

)
. (4)

Then Hn,k(a, b, c, d, e) ∈ S(P (n, k)). Over C it is unitarily similar to the direct sum of the
2× 2 matrices

Bj =

(
d+ a(ωj + ω−j) b

b e+ c(ωkj + ω−kj)

)
, 0 ≤ j < n, (5)

and consequently nullHn,k(a, b, c, d, e) =
∑n−1

j=0 nullBj.

Proof. Since 1 ≤ k < n/2 we have Ck
n ̸= C−k

n , so the nonzero weights a, b, c in (4) occur
precisely on the outer, spoke and inner edges of P (n, k) respectively, and the off-diagonal zero
pattern is correct. The vectors fj simultaneously diagonalize Cn and all its powers; restricting
(4) to the span of (fj , 0)

T and (0, fj)
T gives (5). A real matrix has the same rank over R and

over C, so the direct-sum decomposition computes its real nullity. □

2.1. A normalized three-parameter family. For p, q ∈ R and τ ∈ R \ {0} set ε = sgn(τ),

β =
√
|τ |, and define

An(p, q, τ) =

(
pIn + Cn + C−1

n βIn
βIn ε

(
qIn + C3

n + C−3
n

)) . (6)

Since the three edge weights 1, β, ε are nonzero, An(p, q, τ) ∈ S(P (n, 3)). Define the reciprocal
polynomial

Rp,q,τ (z) = z8 + pz7 + z6 + qz5 + (pq − τ)z4 + qz3 + z2 + pz + 1. (7)
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Remark 2.2. The family (6) captures the singular-mode behavior of every constant-weight
block-circulant matrix (4) for k = 3. Indeed, the Fourier determinant of (4) is

(d+ ax)(e+ cy)− b2 = ac

[(
d

a
+ x

)(e
c
+ y

)
− b2

ac

]
,

where x = z + z−1 and y = z3 + z−3. Thus, with

p = d/a, q = e/c, τ = b2/(ac),

the general block is singular for exactly the same Fourier modes as the block of An(p, q, τ).
Since both off-diagonal entries are nonzero, every singular 2× 2 block has nullity one. Hence
the two matrices have the same nullity. Consequently the obstructions in Section 6 apply to
the entire constant-weight block-circulant class (4), not merely to a special normalization.

Lemma 2.3. Let z = ωj be an nth root of unity and let Bj be the Fourier block of An(p, q, τ).
Then

detBj = εz−4Rp,q,τ (z). (8)

Hence Bj is singular if and only if Rp,q,τ (z) = 0, and every singular block has nullity exactly
one.

Proof. By Lemma 2.1, Bj =

(
p+ z + z−1 β

β ε(q + z3 + z−3)

)
. Because β2 = |τ | = ετ , detBj =

ε
[
(p+ z+ z−1)(q+ z3 + z−3)− τ

]
. Writing p+ z+ z−1 = z−1(z2 + pz+1) and q+ z3 + z−3 =

z−3(z6 + qz3 + 1) and multiplying by z4 gives

z4ε−1 detBj = (z2 + pz + 1)(z6 + qz3 + 1)− τz4 = Rp,q,τ (z),

which is (8). Since the off-diagonal entry is β ̸= 0, a singular 2 × 2 block is nonzero and
therefore has rank one. □

Proposition 2.4 (Root-of-unity certificate). Suppose Rp,q,τ has eight distinct roots and every
root is an Lth root of unity. Then, for every integer r ≥ 1,

M(P (Lr, 3)) = Z(P (Lr, 3)) = 8,

and the matrix ALr(p, q, τ) has nullity exactly 8.

Proof. Put n = Lr. Every Lth root of unity is an nth root of unity, so the eight roots of
Rp,q,τ give eight distinct singular Fourier blocks. Lemma 2.3 shows each contributes one kernel
dimension, so

8 ≤ nullAn(p, q, τ) ≤ M(P (n, 3)) ≤ Z(P (n, 3)) ≤ 8,

the last inequality being (2). Equality holds throughout. As Rp,q,τ has degree eight and eight
distinct roots, there are no further singular blocks. □

3. Selecting singular Fourier modes

The next criterion converts four conjugate pairs of desired Fourier modes into parameters
p, q, τ .

Theorem 3.1 (Mode-selection criterion). Let θ1, . . . , θ4 ∈ (0, π) be distinct and set ai =
−2 cos θi. Let ej denote the jth elementary symmetric polynomial in a1, . . . , a4. Assume

e2 = −3 (9)

and
τ = e1(3e1 + e3)− e4 ̸= 0. (10)
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Set p = e1 and q = 3e1 + e3. Then

Rp,q,τ (z) =
4∏

i=1

(
z2 + aiz + 1

)
. (11)

Consequently, if every eiθi is an Lth root of unity, then M(P (Lr, 3)) = Z(P (Lr, 3)) = 8 for
every r ≥ 1.

Proof. A direct expansion gives

4∏
i=1

(z2 + aiz + 1) = z8 + e1z
7 + (4 + e2)z

6 + (3e1 + e3)z
5 + (6 + 2e2 + e4)z

4

+ (3e1 + e3)z
3 + (4 + e2)z

2 + e1z + 1.

Under (9) the coefficients of z6 and z2 equal 1 and the central coefficient becomes e4; the
definitions of p, q, τ give pq − τ = e4, proving (11). Since z2 − 2 cos(θi)z + 1 = (z − eiθi)(z −
e−iθi), the roots are e±iθi , and the hypotheses make these eight roots distinct. Proposition 2.4
completes the proof. □

Remark 3.2. The constraint e2 = −3 is not an auxiliary condition introduced for convenience:
within the family (6) it is exactly the coefficient constraint forced by the fixed coefficients of
z6 and z2 in (7). The condition τ ̸= 0 is likewise essential, being equivalent to requiring the

spoke weight β =
√
|τ | to be nonzero.

The following elementary symmetry explains the paired rational certificates.

Lemma 3.3 (Reflection symmetry). For all p, q, τ ,

Rp,q,τ (−z) = R−p,−q,τ (z).

Thus negating all roots sends (p, q, τ) to (−p,−q, τ). In particular, if the roots are Lth roots
of unity and L is even, the reflected triple is again a certificate at modulus L; for general L
the reflected roots are 2Lth roots of unity.

Proof. Replacing z by −z in (7) negates the coefficients of z7, z5, z3, z and fixes the rest; the
central coefficient is unchanged because (−p)(−q)− τ = pq − τ . The statement about moduli
is immediate from (−z)L = zL when L is even. □

Example 3.4 (The modulus-24 certificate). Take {θi} = {π/4, π/3, 2π/3, 3π/4}. Then {ai} =
{−

√
2,−1, 1,

√
2}, so

∏
i(t+ai) = t4−3t2+2, giving e1 = e3 = 0, e2 = −3, e4 = 2. Theorem 3.1

gives (p, q, τ) = (0, 0,−2) and the eight selected modes are 24th roots of unity. Equivalently
R0,0,−2(z) = Φ3(z)Φ6(z)Φ8(z).

4. Explicit certificates for step size three

Proposition 4.1. For each row of Table 1, the polynomial Rp,q,τ has eight distinct roots, all
of which are Lth roots of unity.

Proof. Each identity follows by multiplying the displayed cyclotomic polynomials. The factors
in each row are pairwise distinct and every factor divides zL − 1, so the product has eight
distinct roots, all Lth roots of unity. □

The remaining coverage modulus uses an algebraic certificate; note that its parameters are
irrational, so it lies outside the scope of Theorem 5.1.



6 MOHIB AHMAD

Table 1. Rational root-of-unity certificates for P (n, 3). The polynomial in
each row is Rp,q,τ from (7). By Theorem 5.1 this list, together with the reflec-
tions supplied by Lemma 3.3, is complete.

L (p, q, τ) Cyclotomic factorization of Rp,q,τ (z)

10 (0, 0,−1) Φ5(z)Φ10(z)
24 (0, 0,−2) Φ3(z)Φ6(z)Φ8(z)
40 (1, 1,−1) Φ5(z)Φ8(z)
42 (0, 1,−1) Φ6(z)Φ7(z)

Proposition 4.2 (The modulus-28 certificate). Let α = 2 cos(π/7), p = 1−α2, q = α, τ = −1.
Then Rp,q,τ has the eight distinct roots

e±iπ/14, e±iπ/7, e±3iπ/7, e±13iπ/14,

all of which are 28th roots of unity.

Proof. The number α = 2 cos(π/7) satisfies

α3 − α2 − 2α+ 1 = 0. (12)

Let γ = 2 cos(3π/7). Since γ = α3 − 3α, relation (12) gives

α+ γ = α2 − 1, αγ + 2 = α+ 1. (13)

A direct expansion, reduced using (12), yields

R1−α2,α,−1(z) =
(
z4 − αz2 + 1

)(
z4 + (1− α2)z3 + (α+ 1)z2 + (1− α2)z + 1

)
.

Let c = 2 cos(π/14); since c2 = 2 + α, (z2 − cz + 1)(z2 + cz + 1) = z4 − αz2 + 1. Using (13),

(z2 − αz + 1)(z2 − γz + 1) = z4 + (1− α2)z3 + (α+ 1)z2 + (1− α2)z + 1.

The four quadratic factors have roots e±iπ/14, e±13iπ/14, e±iπ/7, e±3iπ/7 respectively; these are
eight distinct 28th roots of unity. □

Theorem 4.3. If n is a positive integer divisible by at least one of 10, 24, 28, 42, then

M(P (n, 3)) = Z(P (n, 3)) = 8.

Proof. If 10 | n, 24 | n or 42 | n, apply Proposition 2.4 with the corresponding row of Table 1.
If 28 | n, apply Proposition 2.4 and Proposition 4.2. Every listed modulus exceeds 6, so P (n, 3)
is admissible. □

Corollary 4.4. The set of positive integers divisible by at least one of 10, 24, 28, 42 has natural
density 1/6.

Proof. Let A, B, C be the sets of positive integers divisible by 10, by 24, and by 7 together
with at least one of 4 or 6, respectively; then A ∪B ∪C is the set in question. Their densities
are d(A) = 1

10 , d(B) = 1
24 and d(C) = 1

7

(
1
4 + 1

6 − 1
12

)
= 1

21 . Furthermore d(A ∩ B) = 1
120 ,

d(A ∩ C) = 1
105 , d(B ∩ C) = 1

168 and d(A ∩B ∩ C) = 1
840 . Inclusion–exclusion gives

1
10 + 1

24 + 1
21 − 1

120 − 1
105 − 1

168 + 1
840 = 140

840 = 1
6 . □

Remark 4.5. The modulus 40 of Table 1 is a genuine and distinct weighting but contributes
no new indices, since 40 | n implies 10 | n. We retain it because Theorem 5.1 shows it is one of
only four rational moduli, and because it illustrates that different weighted certificates coexist
on the same arithmetic family.
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5. Classification of all rational certificates

We now show that Table 1 is complete over Q. This converts the table from a list of examples
into a classification, and explains why no further rational certificate was found.

Theorem 5.1. Let p, q, τ ∈ Q with τ ̸= 0, and suppose Rp,q,τ has eight distinct roots, all of
which are roots of unity. Then Rp,q,τ is one of the six polynomials of Table 2, and the modulus
L is 10, 24, 40 or 42.

Table 2. All rational certificates. The six rows form three reflection-conjugate
pairs under Lemma 3.3.

Factorization p q τ L

Φ5Φ10 0 0 −1 10
Φ3Φ6Φ8 0 0 −2 24
Φ5Φ8 1 1 −1 40
Φ8Φ10 −1 −1 −1 40
Φ6Φ7 0 1 −1 42
Φ3Φ14 0 −1 −1 42

Proof. Every root of R := Rp,q,τ is a root of unity, hence an algebraic integer; as R is monic
with rational coefficients, R ∈ Z[z]. Each monic irreducible factor of R over Q has a root of
unity as a root and is therefore a cyclotomic polynomial. Since the eight roots are distinct,
these factors are pairwise distinct and each occurs to the first power, so

R =
∏
m∈S

Φm,
∑
m∈S

φ(m) = 8

for a set S of distinct positive integers.
We first exclude m ∈ {1, 2}. As Φ1(0) = −1 and Φm(0) = 1 for m ≥ 2, while R(0) = 1, we

get 1 /∈ S. If 2 ∈ S then
∑

m∈S,m≥3 φ(m) = 8 − φ(2) = 7, which is impossible because φ(m)
is even for every m ≥ 3. Hence every m ∈ S satisfies m ≥ 3.

Consequently S is a set of distinct integers m ≥ 3 with φ(m) ≤ 8; the possibilities are
φ(m) = 2 for m ∈ {3, 4, 6}, φ(m) = 4 for m ∈ {5, 8, 10, 12}, φ(m) = 6 for m ∈ {7, 9, 14, 18}
and φ(m) = 8 for m ∈ {15, 16, 20, 24, 30}. Since φ(m) ≥ 2 on this list and only three values of
m give φ(m) = 2, the partitions of 8 that can occur are 8, 6 + 2, 4 + 4 and 4 + 2 + 2.

Because every Φm with m ≥ 2 is palindromic, so is R; the shape of (7) therefore imposes
the single further condition

[z6]R = 1,

the equality [z2]R = 1 being automatic. Checking this condition across the finitely many
admissible sets S leaves exactly fourteen candidates. Of these, eight have τ = pq − [z4]R = 0
and are excluded by hypothesis, namely

Φ3Φ9, Φ6Φ9, Φ4Φ9, Φ3Φ18, Φ6Φ18, Φ4Φ18, Φ3Φ4Φ12, Φ4Φ6Φ12,

and the remaining six are those of Table 2. Their moduli are the least common multiples of
the indices appearing, namely 10, 24, 40, 40, 42, 42. □

Corollary 5.2. The set of indices covered by rational certificates is exactly {n : 10 | n or 24 |
n or 42 | n}, whose natural density is 31/210. The modulus 28 of Theorem 4.3 is therefore
genuinely algebraic within the present constant-weight block-circulant class: it cannot be realized



8 MOHIB AHMAD

by rational parameters in (6), and it is precisely what raises the coverage density from 31/210
to 1/6.

Proof. By Theorem 5.1 the rational moduli are 10, 24, 40, 42, and 40 | n implies 10 | n, so
the covered set is as stated. Inclusion–exclusion with lcm(10, 24) = 120, lcm(10, 42) = 210,
lcm(24, 42) = 168 and lcm(10, 24, 42) = 840 gives

1
10 + 1

24 + 1
42 − 1

120 − 1
210 − 1

168 + 1
840 = 84+35+20−7−4−5+1

840 = 124
840 = 31

210 .

Comparison with Corollary 4.4 gives 1
6 − 31

210 = 140−124
840 = 2

105 for the gain contributed by the
modulus 28. □

6. Arithmetic obstructions and computational search

Theorem 5.1 settles the rational case. We now bound the algebraic case, where the pa-
rameters may lie in a number field, as they do in Proposition 4.2. Throughout this section
ζ = ζn = e2πi/n and, for k ∈ Z,

ηk = ζk + ζ−k = 2 cos(2πk/n).

By Theorem 3.1 and Remark 3.2, a certificate at level n is exactly a choice of four distinct
modes m1, . . . ,m4 with 0 < mi < n/2 such that, writing ci = ηmi ,∑

i<l

cicl = −3 and τ ̸= 0. (14)

(The modes z = ±1 cannot occur: R is palindromic, so R(z) = z4R̃(z+ z−1) with R̃ of degree
four, and z = ±1 corresponds to z+ z−1 = ±2, a double root of R, contradicting distinctness.)

6.1. Degenerate configurations. We first identify a structured source of excluded solutions
of e2 = −3.

Proposition 6.1. If τ = 0, then

Rp,q,0(z) = (z2 + pz + 1)(z6 + qz3 + 1).

The six roots of the second factor are closed under multiplication by a primitive cube root of
unity. Consequently, if all roots of Rp,q,0 are nth roots of unity, then 3 | n.

Proof. The factorization follows by direct expansion of (7) with τ = 0. The roots of z6+qz3+1
are the cube roots of the two roots w1, w2 of w

2+qw+1, so that set is closed under multiplication
by ζ3. If all these roots are nth roots of unity, then ζ3 is a quotient of two nth roots of unity
and hence 3 | n. □

6.2. A semigroup obstruction. The constraint (14) is a vanishing sum of roots of unity, and
the Lam–Leung theorem [9] therefore applies. Recall its statement: if ζ1 + · · · + ζw = 0 with
each ζt an Nth root of unity, then w lies in the numerical semigroup ⟨p1, . . . , pr⟩ generated by
the distinct primes dividing N .

Theorem 6.2. Suppose An(p, q, τ) has nullity 8 for some real p, q and some τ ̸= 0. Then

27 ∈ ⟨ p : p prime, p | n ⟩.
In particular:

(1) n is not a power of 2;
(2) if n = ps is a prime power, then p = 3;
(3) n has an odd prime divisor p ≤ 23.
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Proof. Expanding cicl = (ζmi + ζ−mi)(ζml + ζ−ml) into four terms, the first equation of (14)
becomes ∑

i<l

(
ζmi+ml + ζ−mi−ml + ζmi−ml + ζml−mi

)
+ 3 · ζ0 = 0,

a vanishing sum of 6 · 4 + 3 = 27 nth roots of unity, each with coefficient 1. By [9], 27 lies in
the numerical semigroup generated by the primes dividing n.

For (i), 27 is odd and ⟨2⟩ contains only even numbers. For (ii), 27 ∈ ⟨p⟩ forces p | 27, so
p = 3. For (iii), write 27 =

∑
j ajpj with aj ≥ 0; since 27 is odd some odd prime pj occurs

with aj ≥ 1, and then pj ≤ 27, so pj ≤ 23. □

6.3. Prime and semiprime levels. The prime case is already excluded by Theorem 6.2.
For the more delicate case n = 2p we use the following standard fact: for an odd prime p the
numbers η1, . . . , η(p−1)/2 (formed with ζp) constitute a Q-basis of the maximal real subfield

Q(ζp)
+, and

(p−1)/2∑
k=1

ηk =

p−1∑
k=1

ζkp = −1. (15)

See [11, Ch. 2]. We also use repeatedly the product rule ηaηb = ηa+b + ηa−b, together with
η−k = ηk and η0 = 2.

Corollary 6.3. If n is prime, then no constant-weight block-circulant certificate exists; that
is, there are no real p, q and τ ̸= 0 for which An(p, q, τ) has nullity 8.

Proof. If n = p is prime, Theorem 6.2 gives 27 ∈ ⟨p⟩, hence p | 27 and therefore p = 3. But
P (3, 3) is not an admissible generalized Petersen graph. □

Theorem 6.4. Let n = 2p with p an odd prime. If a constant-weight block-circulant certificate
exists at level n, then p = 5 and n = 10.

Proof. The admissible modes are distinct elements of {1, . . . , p − 1} and cm = 2 cos(πm/p).

Since ζ2p = −ζ
(p+1)/2
p , we have ζm2p = (−1)mζ

m(p+1)/2
p , so

cm = δm ηj(m), δm = (−1)m, j(m) ≡ p+1
2 m (mod p),

with j(m) folded into {1, . . . , (p − 1)/2} and η formed with ζp. The map m 7→ (j(m), δm) is

a bijection from {1, . . . , p − 1} onto {1, . . . , p−1
2 } × {±1}: indeed j(p −m) = −j(m) folds to

j(m), while m and p−m have opposite parity.
Write ci = δiηji for the four chosen modes. Then cicl = δiδl(ηji+jl + ηji−jl), where ji + jl ∈

{2, . . . , p−1} is never ≡ 0, and ji− jl ≡ 0 exactly when ji = jl. Using η0 = 2 = −2
∑

k ηk from
(15) and expanding in the basis {ηk}, write

∑
i<l cicl =

∑
k Akηk. By (15) and the Q-linear

independence of the ηk, the constraint forces Ak = 3 for all k, hence∑
k

Ak = 3(p−1)
2 . (16)

A pair with ji ̸= jl contributes 2δiδl to
∑

k Ak; a pair with ji = jl has δi = −δl and contributes

(−1)
(
1− 2 · p−1

2

)
= p− 2. Let Z be the number of pairs with ji = jl and D =

∑
δiδl over the

remaining pairs; then (16) becomes

Z(p− 2) + 2D = 3(p−1)
2 .

Since each value of j is taken by at most two modes, Z ∈ {0, 1, 2}.
If Z = 2 the modes are (j,+), (j,−), (j′,+), (j′,−) and the four cross pairs carry signs

+,−,−,+, so D = 0 and 2(p− 2) = 3(p−1)
2 , giving p = 5.
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If Z = 1 the modes are (j,+), (j,−), (j2, δ2), (j3, δ3), whose five cross pairs carry signs

δ2, δ3,−δ2,−δ3, δ2δ3, so D = δ2δ3 = ±1 and (p − 2) ± 2 = 3(p−1)
2 , giving p = 3 or p = −5;

neither yields an admissible n ≥ 7.

If Z = 0 then D =
∑

i<l δiδl =
(
∑

i δi)
2−4

2 ∈ {−2, 0, 6}, and 2D = 3(p−1)
2 gives p = 9, p = 1

or a negative value; none is an odd prime.
Hence p = 5, and the modulus 10 of Table 1 is realized. □

6.4. Computer-assisted search. The arithmetic obstructions do not determine all possible
algebraic levels. We therefore performed a finite search. For each n under consideration,
the program enumerates three-mode subsets, uses floating-point evaluation only to generate
possible fourth modes, and then verifies every retained candidate exactly in Z[ζn] by reduction
modulo Φn. The same exact arithmetic is used to test τ ̸= 0 and to reduce a configuration to
its minimal level

L = lcmi

(
n/ gcd(n,mi)

)
.

For 9 ≤ n ≤ 140, this search finds primitive non-degenerate certificates at exactly the levels

10, 24, 28, 40, 42, 60, 84.

The levels 40, 60, and 84 contribute no new divisibility families because they are multiples of
10, 10, and 42, respectively. Extending the search to n ≤ 420 while skipping levels already
covered by 10, 24, 28, 42 finds no additional minimal modulus.

Because the candidate-generation stage uses floating-point screening, we do not use the
absence of further hits as a proof of nonexistence. The exact positive certificates, the rational
classification, and the arithmetic obstructions proved above are independent of this search.
The code and recorded outputs are supplied for reproducibility.

7. A signed certificate for general step size

A particularly simple specialization of Lemma 2.1 works for arbitrary k. Define

Sn,k =

(
Cn + C−1

n In
In −(Ck

n + C−k
n )

)
∈ S(P (n, k)), (17)

and Qk(z) = z2k+2 + z2k + zk+1 + z2 + 1.

Theorem 7.1 (Signed-circulant certificate). Suppose Qk(z) divides zL − 1 in Z[z]. Then, for
every integer r ≥ 1, M(P (Lr, k)) = Z(P (Lr, k)) = 2k+2, and SLr,k has nullity exactly 2k+2.

Proof. Because degQk = 2k + 2, the divisibility assumption forces L ≥ 2k + 2, so P (Lr, k) is
admissible. For z an nth root of unity, the corresponding Fourier block of (17) is(

z + z−1 1
1 −(zk + z−k)

)
,

with determinant
−(z + z−1)(zk + z−k)− 1 = −z−(k+1)Qk(z). (18)

Since zL − 1 is squarefree in characteristic zero, so is every divisor of it; thus Qk has exactly
2k + 2 distinct roots, all Lth roots of unity. If n = Lr these are nth roots of unity, so (18)
gives 2k + 2 singular Fourier blocks, each nonzero because its off-diagonal entries equal 1 and
hence each contributing one kernel dimension. Therefore

2k + 2 ≤ nullSn,k ≤ M(P (n, k)) ≤ Z(P (n, k)) ≤ 2k + 2,

the last inequality being (2). The degree of Qk shows there are no additional singular blocks.
□
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For k = 3 we get Q3(z) = z8 + z6 + z4 + z2 + 1 = Φ5(z)Φ10(z), recovering the modulus-10
certificate.

Corollary 7.2. For every integer r ≥ 1, M(P (120r, 7)) = Z(P (120r, 7)) = 16.

Proof. A direct factorization gives Q7(z) = z16 + z14 + z8 + z2 + 1 = Φ5(z)Φ10(z)Φ24(z), and
lcm(5, 10, 24) = 120. Apply Theorem 7.1. □

Remark 7.3. For k = 2 one has Q2 = Φ5Φ6, so Theorem 7.1 gives

M(P (30r, 2)) = Z(P (30r, 2)) = 6.

This is contained in the stronger family M(P (15r, 2)) = Z(P (15r, 2)) = 6 of [2] and therefore
serves only as a consistency check on the signed construction.

8. Small zero forcing numbers for generalized Petersen graphs

Krishnan [8] computed Z(P (n, 3)) exhaustively for 7 ≤ n ≤ 20. We independently imple-
mented the same finite search and reproduced those values; we then extended the computation
through n = 27. For each n, subsets are tested in increasing cardinality and the colour-change
rule is iterated to closure. The results are collected in Table 3.

Table 3. Zero forcing numbers of P (n, 3), by exhaustive search over all vertex
subsets. For every n in the range 13 ≤ n ≤ 27 a minimum zero forcing set is
given by eight consecutive outer vertices.

n 7 8 9 10 11 12 13 14 15 16 17
Z(P (n, 3)) 6 6 6 8 7 7 8 8 8 8 8

n 18 19 20 21 22 23 24 25 26 27
Z(P (n, 3)) 8 8 8 8 8 8 8 8 8 8

The entries through n = 20 agree with Krishnan [8]. Only n = 12 contradicts the published
range n ≥ 12 of Rashidi et al.; the value Z(P (11, 3)) = 7 lies outside that claimed range. The
new finite verification is that Z(P (n, 3)) = 8 also for 21 ≤ n ≤ 27. In particular, the prime
values n = 13, 17, 19, 23 satisfy the zero-forcing conjecture even though Corollary 6.3 shows
that no constant-weight block-circulant maximum-nullity certificate of the present type exists
at those levels.

9. Discussion and open problems

The certificates above contribute to the corrected P (n, 3) problem in two ways. First, they
establish the missing lower bound Z(P (n, 3)) ≥ 8 on four divisibility families whose union has
density 1/6, without enumerating seven-element vertex sets. Second, Theorem 5.1 classifies
the rational certificates completely, while Theorems 6.2–6.4 give rigorous arithmetic limitations
on algebraic certificates. The finite search of Section 6.4 complements these theorems with
computational evidence about small moduli.

Limits of the constant-weight certificate class. Every fixed root-of-unity certificate of
Proposition 2.4 propagates only to multiples of a base modulus L > 1, so any finite collection
of such certificates misses infinitely many indices. Theorem 6.3 strengthens this decisively:
for n prime, no constant-weight block-circulant matrix in S(P (n, 3)) has nullity 8, whatever
weights are chosen and whether or not they are rational. Since the primes are infinite, even
an infinite family of certificates of this type cannot establish (3). Thus a maximum-nullity
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proof covering prime levels must leave the present constant-weight block-circulant class—for
example by allowing edge weights to vary with the vertex index—or use a different family of
graph-described matrices. A direct zero-forcing lower bound would of course bypass maximum
nullity entirely. This answers negatively the question of whether the present constant-weight
mode-selection construction can produce certificates for every sufficiently large n.

Open problems.

Question 9.1. Is M(P (n, 3)) = 8 for every n ≥ 13? Corollary 6.3 shows that, for prime n,
any witnessing matrix must fall outside the present constant-weight block-circulant class, so
the maximum-nullity form of (3) remains open.

Question 9.2. Do periodic (rather than constant) edge weightings help? If m | n and the
weights are m-periodic, the matrix is block-circulant over Zn/m with blocks of size 2m, and
the singularity conditions become determinants of 2m× 2m matrices. Does this enlarged class
realize moduli beyond {10, 24, 28, 42}?

Question 9.3. Are 10, 24, 28, 42 the only minimal moduli that produce new divisibility families
in the present real constant-weight certificate class? The computer-assisted search found no
additional minimal modulus through 420, but its floating-point screening stage prevents this
finite observation from serving as a nonexistence proof. Theorem 6.2 restricts the admissible
prime divisors but does not by itself give a finite bound.

Question 9.4. For which integers k ≥ 1 is Qk a product of distinct cyclotomic polynomials,
equivalently a divisor of zL − 1 for some L?

Reproducibility

The supplementary material contains exact symbolic checks of the determinant identity,
the mode-selection expansion, the rational cyclotomic factorizations, the modulus-28 algebraic
identity, and the signed certificates. It also contains the finite enumeration used in the rational
classification, the computer-assisted modulus search of Section 6.4, and the exhaustive zero-
forcing program used for Table 3. No theorem in the paper relies on numerical optimization.
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